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Abstract. In this paper, we give a necessary and sufficient condition for which a finitely 
generated group has a property like Kazhdan's Property (T) restricted to one irreducible 
isometric representation on a strictly convex Banach space. Similary, we give a necessary 
and sufficient condition for which a finitely generated group has a property like Property 
(FH) restricted to the set of the afhne isometric actions whose linear part are one irre- 
ducible isometric representation on a strictly convex Banach space. If the Banach space 
is the l p space (1 < p < oo) on a finitely generated group, these conditions are regarded 
as an estimation of the spectrum of the p-Laplace operator on the £ p space and on the 
p-Dirichlet finite space respectively. 
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1 Introduction 

A finitely generated group T is said to have Kazhdan's Property (T), if every 
irreducible unitary representation (ir, H) does not have almost fixed point, that is, 
there exists a positive constant C such that 

max ||7r(7)f — v\\ > C\\v\\ 

■y&K 

for all v 6 H, where A" is a finite generating subset of T. Kazhdan's Property 
(T) has played important roles in many different subjects (see [2]). A finitely 
generated group is said to have Property (FH), if every affine isometric action on 
an infinite dimensional Hilbert space has a fixed point. It is known that a finitely 
generated group has Kazhdan's Property (T) if and only if it has Property (FH). 

Bader, Furman, Gelander, and Monod [T] introduce a generalization of Kazh- 
dan's Property (T) and Property (FH ) to a Banach space B, and call these Prop- 
erty (Tb) and Property (Fb) respectively. They prove that a finitely generated 
group has Property (Tz>([o,i])) for P € [1, oo) if and only if it has Kazhdan's 
Property (T), which is Property (T^mxn). They also, and Chatterji, Dru^u and 
Haglund [4], prove that a finitely generated group has Property (F LP mm) for 
p E [1,2] if and only if it has Property (FH), which is Property (-Fi 2 ([o,il))- On 
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the contrary, it follows from Yu's result in [12] that an infinite hyperbolic group 
r, which may have Property (FH), does not have Property (i 7 Lp(r)) if P is large 
enough. As this result shows, in general, Property (FH) and Property (Fb) are 
different. 

In this paper, for a strictly convex Banach space B, we investigate Property 
(Tb) restricting to one linear isometric action without fixed nontrivial vectors (in 
particular, irreducible linear isometric action), via the variation of the displace- 
ment function with respect to the orbit of a finite generating subset of a finitely 
generated group. Also we investigate Property (Fb) restricting to the set of the 
affinc isometric actions whose linear part are one linear isometric action on B 
without fixed nontrivial vectors. 

We show the following: Let Y be a finitely generated group, K a finite gener- 
ating set of T, and B a strictly convex Banach space. We define the displacement 
function 

F a>r (v) := y ||a(7,w) - v\\ r m(-f) , F a l00 (u) := max ||a(7, v) - v\\ 

\ — / t&K 

\ieK J 

at v £ B for an affinc isometric action a of T on B and I < r < oo, where m 
is a weight on K. The absolute gradient |V-.F a r |(w) is the maximum descent of 
F a<r (v) around v (see Definition ^. 2l for details). Let ir be a inear isometric action 
of r on B without fixed nontrivial vectors, and 1 < r < oo. 

Theorem 1.1. The following are equivalent. 

(i) There is a positive constant C such that every v S B satisfies 

max |[7r(7, v) — v\\ > C'\\v\\. 

(ii) There is a positive constant C such that every v £ i?\{0} satisfies 

|V-ivi(«) > c. 

Denote by A(ir) the set of the affine isometric actions whose linear part are ir. 
Theorem 1.2. The following are equivalent. 

(i) Every a £ A(ir) has a fixed point. 

(ii) For every a £ A(tt), there is a positive constant C such that every v £ B 
with F a r (v) > satisfies 

\V-F atT \(v) > C. 

Furthermore, in (juj, C' can be a constant independent of each a. 

We apply these theorems to the left regular representation Ar, P of T on £ P (T) 
(I < p < oo). Let A p be the p-Laplace operator on D p (T) which is the Dirichlet 
finite function space (see Section [5] for details). Then we have 
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Corollary 1.3. The following are equivalent. 



(i) There is a positive constant C such that every f 6 £ P (T) satisfies 



max ||A r , p (7)/ - /IU*>(r) > C||/ll^(r)- 



(ii) There is a positive constant C such that every f £ £ P (T) satisfies 



\\Apf\\t*<r) > c'\\f\\ 



where q is a conjugate exponent of p. 

If p = 2, these conditions are equivalent to a lower estimation of the spectrum 
of A 2 on f (r). 

Corollary 1.4. The following are equivalent. 

(i) Every a € A(Xr, P ) has a fixed point. 

(ii) There is a positive constant C such that every f € D p (T) satisfies 



where q is the conjugate exponent of p. 
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2 Strictly convex Banach spaces 

In this section, we review the definitions and several properties of strictly convex 
Banach spaces, smooth Banach spaces, uniformly convex Banach spaces and uni- 
formly smooth Banach spaces. Basic references are [3J, [5] and [7]- We denote by 
(B* , || \\b*) the dual Banach space of a Banach space (B, || ||). 

Definition 2.1. A Banach space (B, \\ ||) is said to be strictly convexii \\v + u\\ < 2 
for all v,u G B with u/d, ||i>|| < 1 and ||u|| < 1. 

Definition 2.2. A Banach space (B, || ||) is said to be uniformly convex if the 
modulus of convexity of B 



||A P /IUn > C"\\f\\ 





is positive for all e > 0. 
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A uniformly convex Banach space is strictly convex obviously. For instance, 
L p spaces (1 < p < oo) are uniformly convex Banach spaces. 

A support functional at v G B is a functional / G B* such that = 1 and 

f(v) = \H. 

Definition 2.3. A Banach space is said to be smooth if every non-trivial vector 
has a unique support functional. 

We denote by j (v) the support functional at a non-trivial vector v in a smooth 
Banach space B, and call j the duality map. For the trivial vector of B, we set 
j(0) to be the zero functional on B. If B is a real smooth Banach space, then 



j(v)u = lim 



Ik' + MMMI 



for all v G B\{0} and u E B. 



Definition 2.4. A Banach space (-B, 
modulus of smoothness of £? 



is said to be uniformly smooth if the 



Pb(t) := sup 



'"II 



2 2 
satisfies that pb(t)/t — > whenever r 



1 : Hull < 1 and ||d| < r 



0. 



A real uniformly smooth Banach space B is smooth. Furthermore, the duality 
map j from the unit sphere of B into the unit sphere of B* is a uniformly continuous 
map with a uniformly continuous inverse. The following proposition for the case 
that B is real is Proposition A. 5. in [3]. 

Proposition 2.5. Let B be a uniformly smooth Banach space. Then 
\\Rej{v)-Rej{u)\\ B » <2p B (2 



u 

M 



u 

Mi 



for all v, u G 5\{0} with v ^ u. Here, for f G B* , we denote by Re/ i/ie rea/- 
valued part of f . 

Proof. For a complex number c, we denote by Re c the real part of c. For u G -B\{0} 
and v <E B, we have 

Re(j(u)w) + |M| = Re(j{u)(v + u)) < \j(u)(v + u)\ < \\v + u\\. 

Hence Re(j(u)v) < ||« + u|| — ||u||. 

Fix x,y G -B\{0} with x ^ y. Since any u G -B\{0} satisfies j(u) = j(u/\\u\\), 
we may assume that \\x\\ = \\y\\ = 1. Take an arbitrary z G B with ||z|| = \\x — y\\. 
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Then 



(R-ej'(y) - Rej(x))z = 



Re(j(y)z) - Re(j(x)z) 

WlJ + z \\ - \\y\\ - R C U( X ) Z ) + INI - Re(j(x)y) 

\\y + z\\ - l + Re{j{x)(x-y- z)) 

||y + a!||-l + ||a; + (a;-y-«)||-||a;|| 

\\x + (y - x + z)\\ + \\x- (y-x + z)\\ -2 

2p B (\\y - x + z\\) 

2p B (2\\y-x\\), 



< 



< 



< 



< 



because is nondecreasing and \\y — x + z\\ < 2\\y — x\\. Since z is arbitrary, the 



3 Affine isometric actions on a strictly convex Ba- 
nach space 

In this section, we summarize some definitions and results which relate to an 
isometric action a of a finitely generated group on a strictly convex Banach space. 
We will introduce a nonnegative continuous function F a>r on the Banach space 
which plays the most important role in this paper, and investigate its behavior 
using its absolute gradient. 

Let T be a finitely generated group and K a finite generating subset of T. We 
may assume K is symmetric, that is, K^ 1 = K. We call a positive function m on 
K satisfying X^eif m {l) = 1 a weight on K. A weight m on a symmetric finite 
generating subset K is said to be symmetric if it satisfies 771(7) = rn{^~ r ) for all 

7 eK. 

Let 7r be a linear isometric action of T on a Banach space B. We say that tt is 
irreducible if the only invariant closed subspaces of B are {0} and B. An irreducible 
linear isometric action has no fixed nontrivial vectors. A map c : L — > B is called 
a ix-cocycle if it satisfies 0(77') = ^(7)0(7') + 0(7) for all 7,7' G L. A cocycle is 
completely determined by its values on K . For an affine isometric action a, there 
are a linear isometric action 7r and a 7r-cocycle c such that 0(7, v) = 77(7, v) + c(j) 
for each 7 £ T and uefi. We call tt the linear part of a and c the cocycle part 
of a, and we write a = n + c. We denote by A(ir) the set of the affine isometric 
actions whose linear part is tt. 

We denote by Z 1 ^) the linear space consisting of all 7r-cocycles. We define a 
linear map d : B — > Z 1 ^) by dv(j) := tt(j)v — v for each v G B and 7 e T. Here, 
for v G B, we have dv(^Y) = Tr(j)dv(j') + dv(j) for all 7, 7' G F, hence d is well- 
defined. We set B 1 ^) :— d(B), and we call an element in S 1 (7r) a n-coboundary. 
It is a linear subspace of Z l (-n). If tt has no non-trivial invariant vector, then d is 
an isomorphism from B onto i3 1 (7r). 

The space Z 1 ^) describes A(tt). Each 7r-coboundary corresponds to such an 
affine isometric action having a fixed point. The first cohomology of T with n- 
coefficient is i? 1 (F,7r) :— Z 1 (it) / B 1 (it) . Note that _ff 1 (r,7r) vanishes if and only if 



proposition follows. 



□ 
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every affine isometric action a of T on B with the linear part ir has a fixed point. 
We endow Z (tt) with the norm 

1/r 

M| P := ( EH c (t)IIM7) X 

for 1 < r < oo, or the norm 

||c||oo := max]] 0(7) ||. 

Then Z 1 ^) becomes a Banach space with respect to each of these norms. Note 
that, in general, B 1 ^) is not closed in Z 1 ^). Since \\dv\\ r < 2\\v\\ for all v € B 
and 1 < r < oo, d is bounded with respect to each of these norms. 

Definition 3.1. For an affine isometric action a = ir + c and 1 < r < oo, we 
define F Q>r : B — >■ [0, oo) by F a ^ r (v) := \\dv + c\\ r = \\a{-, v) — v\\ r for each v E B 
and 1 < r < oo. 

The function F a r vanishes at vq S B if and only if vq is a fixed point of a. 
Using Minkowski's inequality, we obtain \F a>r (u) ~ F a>r (v)\ < 2\\u — v\\ for all 
u,v G B, hence F a ^ r is uniformly continuous for each 1 < r < oo. 

A function F on a strictly convex Banach space B is said to be convex if, for 
any segment c : [0,1] ->• B, F(c(tl)) < (1 - t)F(c(0)) + £F(c(/)) for t £ [0, 1]. For 
an affine isometric action a on a strictly convex Banach space, F a ^ r is convex for 
each 1 < r < oo by an easy computation. 

Definition 3.2. We define the absolute gradient \V-F a >r \ of F a>r at v £ B by 

\V-F a ^ r \(v) := max hmsup — ' , 

We can regard the function \\7-F Uir \ as the size of the gradient in the direction 
which decreases F Qjr most. Note that \V-F aiT \(v) < 2 for any v e B. The 
absolute gradient |V_F a ^ r | has the folloing properties: The following Proposition 
13.31 Corollary 13.41 and Proposition 13.51 was proved by Mayer [8] for a Hadamard 
space. His proofs are valid for Banach spaces. 

Proposition 3.3 ([8], Proposition 2.34). 

\V-F a , r \(v) = max< sup — ' , > 

[u^v,ueB \\ v - u \\ J 

at all v G B . 

Corollary 3.4 ([S], Corollary 2.35). A point v E B minimizes F a r if and only 
if \\J-F a ^ r \ vanishes atvo- 

Proposition 3.5 ([8 , Proposition 2.25). The absolute gradient \V-F a , r | is lower 
semicontinuous on B. 



G 



4 A proof of Theorem 11.11 and Theorem 11.21 



In this section, we will give a proof of Theorem 11.11 and Theorem 11.21 

Proof of Theorem Note that (jlj is equivalent to the condition that there is a 
positive constant C" such that F w>r (u) > C"||u|| for all v G B. Note that F V>T is 
convex, and F v>r {av) — \a\F ntr (v) for a > and v € B. 
If we assume ©, we get 

V-iV r (u) > lim n n = — ; rrr-n — > ^ ■ 

Therefore we have Ju|. 

On the other hand, we assume §u§. Hence, by Proposition l3.3[ for all v G -B\{0} 

su p — ir — - c - 

In particular, F^fi;) > for all t) G £?\{0}. Besides we assume that (i) is false, 
that is, for every e' > there is a vector v G B\{0} such that F„ ir (v) < e'||f||. Then 
for < e < 1 we can take Wq G B such that ||u> || = 1 and F^ , r (wo) < (1 — e)eC. 
Set for w G B 

_r(w) ±>\{w} : r r > (1 — e)G 



By the assumption, P(w) is not empty for any w. For u G P(wo), we have 
(1 - e)C\\w - u\\ < F^ r {wo) < (1 - e)eC 

that is, ||u>o — u|| < e. Therefore ||u|| > 1 — e for all u G P(wq). 
If inf„ e p>( Wo ) F nir (v) / 0, take i«i G P(wq) such that 

i^.rOl) < (1 + e) inf i^,r(«) 

«GP(k>o) 

. Since w± G P(wo), for any « G P(wi), we have 

||ioo-v|| 1 1 too - 'Will + \\wi - v\\ 

(1- e)C\\w - Wl \\ + (1 - e)C\\ Wl - v\\ 



> 



\\wo - will + \\wi - v\\ 

(l-e)C. 



Hence v G P{w ) holds, that is, P(wi) G P{wq). Thus inf„ e p( !1 , 1 ) i^, r («) 7^ 0. 
Inductively, for each i G N, we can take Wi G P(wi-\) such that i^rCtOj) < 
(1 + e l ) inf„gp( u ,._ 1 ) F 7r)r (u). Then we have P(wi) C P(wi_i) for each i G N and 
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inf 

veP(wi) Fir,r(v) 0- Thus for v G P(wi) we have 



Wi -v < 



< 



< 



(1 - e)C 

(1 + e 1 ) inf t ,g P(tUi _ l) F nir (v) - M veP(Wi) F^^(v) 
(l-e)C 

(1 + e l ) inf^gp^.,^ F ff ,,.(«) - inf veP ^ Wi _^ F ntr (v) 



(l-e)C 
e i inf^g P(tUi _ 1 ) F Vjr (v) 
(l-e)C 

Since Wj G P(wi-\) and F^^ r (wj) < F Vtr {wj-\) for each j G N, we have 

for all v G P(wi). Therefore, for any e' > 0, there exists i G N such that, for every 
3, k>i, 

\\Wj -Wk\\ < diamP(wi) < 2 — _ — < e . 

Since -B is complete, the sequence {iVi} converges to some point £ B. We have 
I Woo 1 1 > 1 — e, because > 1 — e for all i G N. Furthermore D^oC^ 10 *) u }) 
is either an empty set or a one-point set {u>oo}- Since the function 

FM — iR^i — 

is upper semicontinuous on B\{wi}, the subset 
{v G B\{ Wi ] : F>(v) < (1 - e)C} - S\({ V G B : > (1 - e)C} U {«*}) 

= B\(PK)uW) 

is open, that is, P(wi) U {wi} is closed for every i. This implies that n^o(^ > ( u 'j) ^ 
{wj}) = {tUoo}- However, by the assumption there exists Vo G i?\{u' 0O } such that 

|| Woo -«0 || 

Since Woo G U {w i+ i} C P{wi), we have G P{wi) for each i. Hence 

^7r,r(^o) < F 7: ^(w 00 ) < F v ^ r (wi) for each i, in particular, tUj 7^ v n . Thus we have 

^V,r(w t ) - f^p) (J^,r(w t ) - J^, r (Woo)) + (JV.rK) - i^, r (f )) 

||w»-Uo|| ||Wj - II + ||Wcx) - «o|| 

(1 - e)C\\ Wi - Woo \\ + (1 - e)C||woc - «o|| 



> 



\\Wi - ^ 1 1 + 1 1 Woo - M 

= (l-e)C 
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for every i. This implies that vq G DSiC-^ 7 - *) ^ { w i\) ~ {'"'oo}, that is, Woo = t>o- 
This contradicts Vq G -B\{woo}- 

If inf„ e p>( Wo ) F n>r {v) = 0, then take € P(wq) such that i^-^tuJJ < eF(wo). 
By the assumption, P(ii4) is a subset of P(wq). If inf^gp^^ F^^lv) ^ 0, then 
we can deduce a contradiction as in the case of mf ve p/ Wo \ F Wir (v) ^ 0. Hence, 
inductively, for each i G N, we suppose that inf.ygp^') F^^lv) = 0. Take G 
Ptw^) such that F(w' i ) < ei ;l (w-_ 1 ). Then we have P(w-) C P(w^_ x ) for each 
i G N. Thus for u G -P(«4) we have 



(l-e)C " (l-e)C " (l-e)C 

Hence w- converges to some u;^ G B with Hit^JI > 1— e, and n^o(^ > ( u; i) u { u; i}) = 
{w^}. Therefore we can deduce a contradiction as in the case of Wcq. 

□ 



Proof of Theorem \1.2{ Since F a ,r is continuous and convex, inf„ e B |V--F a ,r|(^) 
f) by Lemma 5.4 in [11]. Hence, if the condition jnj holds, there exists xq G N 
with F a<r (xo) = 0. The point xq is a fixed point of a. 

Suppose (i). The condition (i) is equivalent to the condition that the first 
cohomology i/ 1 (r,7r) vanishes, that is, B 1 ^) coincides with Z 1 ^). Since ir is 
irreducible, d : B — > B 1 (jk) is one-to-one. Hence the open mapping theorem 
implies that the inverse map dr 1 of d is bounded. Thus there exists C > 
satisfying \\v\\ = \\d~ 1 (dv)\\ < C||dw|| r for all v G B. Take an arbitrary affine 
isometric action a G A(ir). Then there exists a fixed point vq G B of a. Since 
■n{"f)v — a{"f){v + v ) — v for all v G B and 7 G T, we have F a , r (v + vq) = F n , r (v) 
for all v E B. Therefore we may assume that a coincides with ir. By the definition 
of d, we have F„ r (v) — \\dv\\ r for all v G B. Hence we have 

lyy 7-1 F ff , r (t;)-F ff , r (^) ||<fo|| r -|l<Mr e\\dv\\ r , 1 

V_F ff , r (v) > hm n n = lim — n = hm — — — > — 

e->o ||« — u e || e^o e||u|| e-K) e\\v\\ C 

for all non-trivial v € B, where v e := (1 — e)v for e > 0. Since F„ tr (0) — 0, we 
have completed the proof. Since C is independent of each 7r-cocyclc, the constant 
C in the theorem can be independent of each a. □ 



5 A description of the absolute gradient of F atP 

In this section, we see a description of the absolute gradient of F a}P for an affine 
isometric action a of a finitely generated group T on a strictly convex Banach 
space B and 1 < p < 00. Suppose that the finite generating set K and the weight 
m is symmetric in this section. 

Proposition 5.1. Suppose that B is strictly convex, smooth and real. Let a = tt+c 
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be an affine isometric action ofT on B. Then for v G B with F a>p (v) > we have 
|V_F a , p |(«) 



sup 



F a ,p{v) P 1 v£B;\\u\\ = 



||a(7)i> — v\\ p 1 j{a(~f)v — v)(ir(-f)u — 11)771(7) 



7£K 



^2 \\a(j)v - v\\ p 1 m{ 1 )j(a{-i)v -v) 



Proof. Fix v G -B such that F a > 0. Since -F a ,p is convex, for t > s > 0, we 
have 

F a<p (v + su) < (l-jj Fa, P (v) + jF a ^ p (v + tu). 

Therefore we have 

F a , P {v) - F a ^ v (v + tu) F a , p (v) - F atP (v + su) 
t ~ s 

This implies that 

,. F a , p (v) - F a , p (v + eu) F a Jv)-F a Jv + su) 
lim - - = sup — — — . 

e^O e s >o s 



Hence we have 

Umsup F a , p (v)-F (u) 
u^v,ueB \\v — u\\ 



,. F a p (v) - F ap (v + eu) 
sup hm — — — . 

u£S;||u||=l e ~+° e 



To calculate the right hand side, we use an inequality in [5j (2.15.1)]: 

pt?~ l (a -b)<a p -b p < pa p - l {a - b) 

for a, b > 0. Set Dud) := ct{l)u — u for each 7 S K and u £ B. Then, for a small 
e > 0, we have 

F a .p{v) - -Fq, P (f + eu) 
e 

F a , p {v) p - F a , p {v + eu) p 



< 



E 



pF a , p (v + eu)P- x e 
\\Ito(j)\\*-\\D{v + eu){i)\\* 



m( 7 ) 



* E 

76K 

Similarly, we have 



pF a , p (v + eujP^e 
WDvWW*- 1 \\Dv( 7 )\\-\\D(v + eu)( 7 )\\ 



F a , p (v + en)?- 1 
(v) - F a>p (v + eu) 



771(7). 



* E 



\\D(v + e^ir 1 11^(7)11 ~ Pfo + «Q(7)II 



777(7). 
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Since B is real and smooth, for 7 G K such that Dv(j) / 0, 

lim 11^(7)11 -P(^ + ^)(7)II = Hm 11^(7)11- \\DvW +edu(j)\\ 

= -j(I>t>(7))(d«(7)), 

and, for 7 G if such that Dv{^) = 0, 

Um ||^(7)|i-|l^ + ^)(7)ll = Um -11^(7)11 = 

Therefore we have 

lim fa 'P^ ~ + eu) 

= E '^fawi 1 (-J(^(7))d"(7))m( 7 ) 

= f ,\ P -i E ll^(7)ll p - 1 (i(I>«(7))«-i(^(7))7r(7)«)m(7). 

If there is u £ B at which this equality is nonnegative, then the first equality in 
the proposition is proved. To prove this, we continue the computation of the last 
line of this equality. For arbitrary 7 G K, since 77(7) is a surjective linear isometry, 

||j(JM7)M7)l|fl- = lbW7))Hu- = 1 

and 

C?W7)M7)) 7 r( 7 - 1 )^(7) = II^WII = H^ 1 )^)!!- 
Due to the smoothness of £?, j(Dv(j))ir(j) coincides with j(w('-f~ 1 )Dv(j)). Since, 
for the identity element e of T, c(e) is trivial, we have 7r(7 _1 )c(7) + c(7 _1 ) = 
c(7 _1 7) = for all 7,7' G I\ Hence 

ir(j~ 1 )Dv('y) = )a(j)v — 7r(7 _1 )w 

= 7r(7 _1 )7r(7)w + 7r(7 _1 )c(7) — 7r(7 _1 )w 
= v — c(7 _1 ) — 7r(7 _1 )u 
= -Dvij- 1 ). 

We get j(Dv(^))n(j) = j(— Dv^^ 1 )) = —j(Dv('y~ 1 )). Because 

\\Dv('y- 1 )\\ = M'y- 1 )DvW\\ = \\DvWW 
and m is symmetric, we have 

p U (7)||P- 1 (i(D W (7)) U -i(£> U (7))7r(7)w)m(7) 
= E ll^(7)l| p - 1 (i(^(7))^+i(^(7- 1 ))^)m(7) 
= 2j2\\Dv(l)\\ p - 1 (j(Dv( 1 ))u)m( 1 ). 
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Therefore we obtain 
lim sup 



F a ,p{v) - F a , p (u) 
\\v — u\\ 



ueB;||u|| = l fa,p(V) 



F a , P ( v ) p ~ 



J2 11^(7) 11^-^(7^(^(7)) 



Since the last line of the above equality is nonnegative, we have 

F a , P {v) - F aiP (u) 



\V-F at p\(v) = limsup 



v-u 



□ 



Proposition 5.2. Suppose that B is uniformly convex and uniformly smooth. Let 
a = ir + c be an affine isometric action ofT on B. Then for v £ B with F a ^ p (v) > 
we have 

\V-F a , p \{v) 

-!— — sup ^2\\a(-f)v-v\\ p - 1 Rej(a('y)v-v)(7T('j)u-u)m{j) 



F a ,p(v)P 1 „£B;||u|| = 



76 if 



||a(7)t) — v\\ p 1 m(-f)Rej(a(-f)v — v) 

~f€K 



Proof. Set 1)14(7) := o & {l) u ~ u for each u € B and 7 £ K. Fix v G B such that 
F a , P (v) > 0. As in the proof of Proposition [57TJ for a small e > we have 

p^ir 1 pM 7 )[[-|p(t; + e«)(7)ir 



> 



> 



F a , P (v) - F 0:P (v + eu) 



771(7) 



y / jjg^+euKT)]^ ||^(7)li -||£>(^ + e M )( 7 )|| \ 



For 7 G if such that Dv(j) 7^ 0, we get 

||£»w(7)|| - [|D(u + eu)(7)|| < Re j(Dv{j))(Dv(j) - D{v + eu)(~f)) 

= -eRej(Dv{i)){du(~/)), 

and 

||Di;(7)||-||D(« + eu)(7)|| > Rej(D(« + eu)(-y))(Dv(^) - D(v + eu)(7)) 

= -eRej(D(v + eu)(j))(du(j)). 



12 



Because D(v + eu)(j) = Dv(j) + eG?u( 7 ), we have 
D(v + eu)(j) Dv{i) 



||D(« + 6«)(7)[| |p«(7)|| 
Dviff) + tdu{^) Dv(-y) 



\\D(v + eu)(j)\ 



\\D(v + eu)( 7 )[| ||I>(t> + c«)(7)|| ||^(7)| 

_ ||D(i; + eu)(7)|| \ £>«(7) , _ dw( 7 ) 



1^(7)11 ) ||Z?(« + eu)(7)[| p(« + e U )( 7 )|| 

Hence, by Proposition 12.51 and the uniform smoothness of B, Kej(D(v + eu)( 7 )) 
converges to Re j(Dv('y)) in B* as e — > 0. On the other hand, for j £ K such that 
Dv("f) = 0, we have 



||Z>i;(7)||-||I>(« + eu)(7)ll 



edu(7)|| 



= -||d«(7)||. 



Hence we have 

e^O e 



J ' )ri7)l ^Rej(^(7))(^(7)))m( 7 ). 



Therefore, as in the proof of Proposition 15. 11 the proposition follows 



□ 



Corollary 5.3. Let a be an affine isometric action ofT on L P (W, v), where (W, v) 
is a measure space. For any f £ L p (W,v) such that F a ,p{f) > 0, we have 

|V_fa,„|(/) = 2\\G a , p (f)\\ Lq(WtV) /F a , p (fr- 1 . 
Here q is the conjugate exponent of p, that is, q — p/{p — 1), and 

G atP (f)(x) = Wt)/(*) - Re(a( 7 )/( 2 ;) - /Or))m( 7 ) 

/or x eW, where \a(j)f(x) - f(x)\ p ~ 2 = if f(x) = a("/)f(x) and p < 2. 

Proof. For / g L*(W,i/), we have j(f) = l/r^/ll/II^V,,)' where / is the 
complex conjugation of /. Indeed, we have 



\f(x)r 2 f(x) 



f(x)dv(x) 



n J, p -l du{x) = \\f\\ L P(W,») 

W \\J\\lp(W,u) 



and 



ir 



\f(x)\ p - 2 f(x) 



i/ir 1 



Lf(W.y) 



dv(x) — 



(p-i)g 



^ ll/II^SL) 



-dv{x) 



w 



\f{*)\ p 
\fWlv 



-dv{x) = 1 



L*>(W,i/) 



We have thus proved the corollary. 



□ 
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Since a(j)v — v — (dv + c)(7) for all 7 €E T and i> G -B, by Proposition 15.11 and 
Proposition ^. 21 if i? is strictly convex, smooth and real, or uniformly convex and 
uniformly smooth, then for 1 < p < 00 

2 

|V_F Q J(v) = r 

for all v E B such that \\dv + c\\ p > 0. Hence, for C > 0, \V-F a , p \(v) > C for all 
v E B such that F aiP (v) > if and only if 

E ||(du + c) (7) 11^-^(7) Rei((d« + c)( 7 )) 

for all v S -B. From Theorem II .![ we have 

Corollary 5.4. Lei ir be a linear isometric action ofT on B without fixed nontriv- 
ial vectors. Suppose that B is either strictly convex, smooth and real, or uniformly 
convex and uniformly smooth. Then the following are equivalent. 

(i) There is a positive constant C such that every v € B satisfies 

max ||tt(7, v) — v\\ > C"||u||. 

76 if 



E IK* + c )(7)ir M7) Rej((dv + c)( 7 )) 



> 



c 



\dv + c\ 



(ii) There is a positive constant C such that 



dw(7)f- 1 m(7)Rej-(du(7)) 



> cwdvw*- 1 



for all v £ B. 



There exists a one-to-one correspondence between Z 1 ^) and A(ir) if ir has no 
fixed nontrivial vector and the origin of B is fixed. Since dv + c is a 7r-cocycle, 
from Theorem 11.21 we have 



Corollary 5.5. Let ir be a linear isometric action ofT on B without fixed nontriv- 
ial vectors. Suppose that B is either strictly convex, smooth and real, or uniformly 
convex and uniformly smooth. Then every a € A(jr) has a fixed point if and only 
if there exists C > such that 



ElK7)irM7)Rei(c( 7 )) 



>C\\c\\* 



p-i 



for all c € Z l (ir). 
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6 An application of the theorems to an £ p space 



Let r be a finitely generated infinite group, K a symmetric finite generating subset 
of r, ma symmetric weight on K, and 1 < p < oo. 

We denote by J"(r) the space of all complex- valued functions on T. The follow- 
ing argument is valid for real- valued case. The left regular representation Ar of T 
on J"(r) is defined by A r (7)7(7') = /(7 _: V) for each / G F(T) and each 7, 7' 6 I\ 
The Lebesgue space £ P (T) is the Banach space {/ G -^(r) : X) 7 er 1/(7) l P < °°} 
with the norm \\f\\ e p(r) := (E 7G r \f(l)\ P ) 1/p ■ The restriction of A r to l p (T) is an 
irreducible linear isometric action, and we denote it by Ar>- We define a linear 
map d on F{T) by df (7) := Xr(j)f - f for each / G J"( r ) and 7 G T. We say that 
/ G J"(r) is p-Dirichlet finite if c(f (7) G £ p (r) for each 7 G if, and we denote by 
Z?p(r) the space of all p-Dirichlet finite functions. 

The space £ P (T) is a subspace of D p (T). The space of all constant functions on 
r is also a subspace of D p (T), and is regarded as C. Since this is the kernel of d, 
we can define a norm on D p (T)/C by 

i/p 

l/lU>.,:n= ( V |a7(:.i|ir, (lV "(-)^ 
Since 

Ar, P (7)4f(7 / ) + 4f(7) - A r (7)Ar(7')/-Ar(7)/ + Ar(7)/-/ 

= Mr/)/ - / 

= rf/(77') 

for all / G D p {T) and 7,7' G I\ we obtain df G ^ 1 (A r , P ) for / G D p (T). 

Furthermore, it is proven by Puis in [9] and [10] that d(D p (T)) = Z 1 (Xr, P )- 
Recall that B 1 (Xr, P ) = d(£ p (T)). Therefore d induces an isometric isomorphism 
from D p (T)/C onto Z 1 (X r , p ) and a linear isomorphism from D p {T)/(£ p {T) © C) 
onto i? 1 (r, Ar). Hence, for any affine isometric action a on £ P (T) with the linear 
part Ar, P , there exists a unique f a G D P (T) up to constant functions such that 
the cocycle part c of a coincides with df a and ||c|| p = ||/ a ||_D (r)- In particular, 
/a, . <>• 

The p-Laplacian A p / of / G -D p (r) is defined by 

A p /(x) := £ |d/(7)(^)l P ' 2 Re(d/(7)( a ;))™(7) 
76-ff 

where for p < 2 we set |(i/(7)(a;)| p_2 = whenever |d/(7)(a:)| = 0. Since 

F a , p (f) = \\df + df a \\ p = \\f + f a \\ Dp(T ) 
for all / G £ P (T), using Corollary 15. 31 we have 

' P 11/ + /«!&) 
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for all / <E £ P (T) such that F aiP (f) > 0. In particular, 

II-' lb,(r) 

for all / £ l p (F) such that F Xr p _ p (f) > 0. Hence Theorem 1 1 . 1 1 implies 
Corollary 6.1. The following are equivalent. 

(i) There is a positive constant C such that every f 6 £ P (T) satisfies 

max||A r ,p(7)/ - f\\»(T) > C||/H^(i> 

(ii) There is a positive constant C such that every f £ £ P (T) satisfies 

where q is a conjugate exponent of p. 

For g G £"(r) and / £ £P(T), set (g,h) := E^rS'W/W- Assume that there 
is a positive constant C such that every / £ £ P (T) satisfies (A p /, /} > C||/||^ p ^ r ^. 
Then, using Holder's inequality, we easily deduce the condition (i) in Corollary 
O On the other hand, for / € £ P (T) 

ll/lk(r) = F *, P Af) > max ||A r , P ( 7 )/ - J||^ ( r)/|^| 1/p . 

Therefore, if the conditions (i) and (ii) in Corollary 11.31 holds, then there is a 
positive constant C" such that every / £ £ P (T) satisfies || Ap/H^p) > C"||/|| p ~^. 
In particular, if p = 2, these represent a lower estimation of the spectrum of A2. 
On the other hand, Theorem 11.21 implies 



Corollary 6.2. The following are equivalent. 

(i) Every a £ A(Xr, P ) has a fixed point. 

(ii) There is a positive constant C such that every f £ D p (T) satisfies 

||Ap/|U (r) >C'||/||^ r) , 
where q is the conjugate exponent of p. 



In particular, if p = 2, the condition (ii) in Corollary 11.41 can be regarded 
as representing a lower estimation of the spectrum A2 with respect to an inner 
product on £>2(r)- 



1G 
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